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GIAI TICH 2
BAI 1. CHUONG I.

LPNG DUNG PHEP TiNH VI PHAN TRONG HINH HOC
§ 1. Ham vecto

1.1. Pinh nghia. Cho / 1a mét khoang trong R. Anh xa t e/ +— r(t) e R" dwoc goi
la ham vecto cla bién sb t xac dinh trén /.

Pat OM =7 (). Quy tich diém M(x(t); y(t); z(t)) khi t bién thién trong / la dwong
L trong R, goi la tbc dd clia ham vecto 7 (t). Ta cling néi rdng dwong L cb cac
phwong trinh tham sé x = x(t), y =y(t), z=z(t).

1.2 Gi&i han. Ta noi rang ham vecto 7 (t) c6 gidi han la a khi t dan toi t, néu
F(t)-a| >0 khi t—ty, tc 1a néu véi Ve>0,35(¢)>0 sao cho [t—ty|<d

— |F(t)—a| <& . Khi dé takihigu lim 7 (t)=a.
t—)to

Ham vecto 7 () xac dinh trén | duoc goi la lién tuc tai ty e/ néu lim 7 (t) =7 (ty)
t—)to

Nhan xét. Tinh lién tuc ctia ham vecto r (t) twong dwong véi tinh lién tuc cla cac
ham toa do

1.3 Dao ham. Cho ham vecto 7 (t) xac dinh trén | va t, € . Gi¢i han (néu co) cla
ti s6

dr .
(o). Kn

khi h — 0 dwoc goi la dao ham clia 7 (¢) tai t, va ki hiéu la r'(ty) hay
do ta ndi rang ham vecto kha vi tai t,.

Ta ot AhF _ x(f +hf2—x(t0)7Jr y(to +hf2—y(t0)7+ z(ty +h2—z(t0)l?

Khi d6 néu cac ham s6 x(t), y(t), z(t) kha vi tai t, thi ham vecto r(t) cling kha

—

vitai ty vaco r'(ty) = x'(to)i +y'(to)j + 2 (ty)k

Pao ham cép cao (twong tw)

Khi h kha nhé ta c6 thé x&p xi vecto AF = MyM bdi vecto tiép tuyén h.r'(t;)
Tinh chét.

1°/ Tuyén tinh (af () + ﬂg(t))' =af ()+Bg (1), a, BeR

21 (F(1),g(0)) ={F(6),§ (1) +(F (1), §(1))

1
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3/ (F(Hg () =F (g ) +F ()G ()

1.4. Tich phan Riemann cta ham vecto

Cho (t)=(f(t),---,f,(t)). Ta co f (t) kha tich trén [a ; b] < £, (t), k =1, n kha tich
b b b b

trén fa; blvaco [F(Ddt=| [f(t)at, [f(Ddt, -, [f,(D)dt |.
a a a a

Ham F(t) dwoc goi la nguyén ham caa f (t) néu F'(t) =f (t), khi d6 ta viét
jf’(t)dt ~F(t)+C

va ta cing 6 [F (1)t = (qu(t)dt, | AGL jfn(t)dt)

b
Ta cling c6 cong thirc Leibnitz If(t)dt =F(b)-F(a).
a

ng dung. Tim khodng cach xa nhét cla vién dan dwoc ban ra tlr bé phéng tao
goc a so v&i mat nam ngang va v@i van toc ban dau vy

§ 2. Pwdng trong khéng gian ba chiéu
2.1. BPwong cong lién tuc, tron, tron tirng khuc
Tiép tuyén va phap dién cia dwdng tai mot diém.
Cho dwdng cong L trong khéng gian cé phwong trinh tham sb 1a x = x(t),
y =y(t), z=z(t). Phwong trinh vecto ctia no 1a 7 () = x(t)i +y(t)j + z(t)k.
2.2. Vecto phap tuyén cia dwong
Cho My (x(to): y(ty); z(ty)) thude L, khi @6 vecto F'(ty)=x(t)i +y'(ty)j + 2 (fo)k
nam trén tiép tuyén cta L tai M,. Gid st cac x'(ty), y'(f), Z'(ty) khdng dong thoi
triét tidu, khi d6 ta c6 7'(ty)= 0. Do d6 diém P (X ;Y ;Z) ndm trén tiép tuyén clia L
tai M, khi va chi khi vecto MyP ddng phuong véi vecto I (), tie 1

X-x(ty) Y-y(ty) Z-z(ty)
X(th) V()  Z(t)

Day chinh 1a phwong trinh tiép tuyén cta L tai M, .

Puwéng thang di qua M, vuéng goc voi tiép tuyén cla L tai d6 duwgc goi la phap
tuyén cla L tai M,.

Phwong trinh phap dién cla dwéng cong L tai diém My e L la

(X =x(to)) X (to) +(Y — ¥ (t0))y'(to) +(Z ~ 2(t5)) Z (ty) = 0.
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Vi du 1. Viét phuong trinh tiép tuyén va phap dién cia dwdng cong

x:Rcoszt, y = Rsintcost, z=Rsint tai t:%

Vi du 2. Viét phuong trinh tiép tuyén va phap dién cia dwdng cong
z=x%+y?, x=y tai diém (1;1;2)
e Dwong chinh quy: dwdng chira gdm toan cac diém chinh quy
e Gid str dwdng cong L c6 tiép tuyén dwong MT tai M, tiép tuyén dwong M'T’ tai

M'. Bat Ao = (MT,MT'), As=MM . Gisi han (néu co) cla ti sb ‘A‘—“ khi M’ dan
S
dén M trén dwong L duwoc goi la dd cong cla dwong cong L tai M, ki hiéu 1a

C(M).
Ngudi ta chirng minh dwoc céng thire tinh d6 cong cua duwdng L la

XI y! 2 y! Z! 2 Z! XI 2
X” y" + y” le + le X”
C= 3/2

(X,z Ly +z'2)

Vi du 1. Tinh d6 cong cla duwdng dinh éc tru tron xoay x =acoswt, y =asinwt,
Z = akt
Vi du 2. Tinh d6 cong cua dwdng x =Incost, y =Insint, z= tV/2 tai (x;y; z)
2.3. bo dai cua dwoéng
Cho duwong cong I lién tuc: x = x(t), y = y(t), z= z(t), t € [a; b];
phén hoachntrén[a; bl:a=f <t <..<t,=b.

n
D6 dai duong gép khic 1, =Y M (t_)M(t;)

i=1
Binh nghia. Cho tap hgp {/_ : 7 € P}, P la phan hoach [a ; b], ta bdo I" kha trwdng

(co d6 dai) néu /(1) =sup/_
neP

Binh Ii 1. Néu anh xa t — M(t),t €[a; b] c6 dao ham M'(t) = (x'(t), y'(t), 2 ()) va
V' (£)] bi chan trén [a ; b] thi I 13 kha truong.

Binh li 2. Néu anh xa t— M(t),t c[a;b] c6 dao ham M'(t)=(x'(t), y'(t), Z (1))
lién tuc (tron) trén [a ; b] thi cung I kha trwdng va co do dai

b
1) = [{x2 @)+ y2(0)+ 22 (D)t
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Nhan xét. Khi dwérng cong T tron tirng khuc (M'(¢) lién tuc tirng khdc) thi T ciing
kha trwd'ng va co céng thirc tinh nhw trén.

2.4. Tham s6 tw nhién cta dwong.
Phwong trinh tw ham X = X(s),Y =Y (s), s la d6 dai cung.

Vidu. x=Rcosg, y=Rsing, ¢ €[0;2r]

S
@ X =Rcos—
S= I\/x’z - y'zdt =Rp = R la phwong trinh tw ham
.S
0 Y:RsmE

§ 3. Pwong cong phang
3.1. Tiép tuyén va phap tuyén ciua dwong
e Diém chinh quy. Trong hé toa d6 Descarter, cho dwéng cong L cé phwong trinh
f(x,y)=0. Diém My(Xy;yo)el dwgc goi la diém chinh quy néu f;(xy;y,) va
f, (X0 ; ¥o) khong dong thoi bang khong, la diém ki di trong trieerng hop con lai.

e Vecto’ phap tuyén. Xét diém chinh quy My (xg ;o) €L, n(f (X0 5 Yo) (X0 yo))
dM = (dx,dy) nam trén tiép tuyén clta dwong cong L tai diém M,, do d6 n Ia
vecto phap tuyén L tai M, (do cé n.dM =0).
e Phwong trinh tiép tuyén. Diém P(x, y) nam trén tiép tuyén cta dudng cong L
tai M. Phwong trinh tiép tuyén cua dwéng cong L tai M, la

(X = X )y (X0, Yo) + (¥ — Yo )fy (X0, ¥0) =0

Vi du. Tim phap tuyén va phwong trinh tiép tuyén cia dwong tron x? +y2 =4 tai
diém (1;/3).
3.2. b6 cong

Cho dwong cong L don, co tiép tuyén tai moi diém. Trén duong cong L chon mét
chiéu lam chiéu dwong. Trén tiép tuyen cua L tai M, ta chon mét hwéng rng voi
chiéu dwong cua L, goi la “tiép tuyén duong’.

DPinh nghia 1. Cho M, M’ 1a hai diém trén L, con MT, M'T’ 1a hai tiép tuyén dwong.

Ta goi d cong trung binh cta cung MM’ 1a ti s6 coa goc gitra hai tiép tuyén dwong

MT va MT', duoc ki hieu la C,(MM), tec 1a C,(MM)=—2_ & a6
Y

=|(MT, MT")|.




PGS. TS. Nguyén Xuan Thao Email: thao.nguyenxuan@mail.hust.edu.vn
Dinh nghia 2. Ta goi d6 cong ctia duwdng L tai M la gidi han (néu cd) cua dé cong

trung binh C,(MM) khi M’ dan toi M trén L, ki hidu la C(M), toc Ia
c(M)= lim C,(Mm).
M'—M

Vi du 1. Buwdng thdng cé dd cong bang khéng tai moi diém.
Vi du 2. Tinh d6 cong cua dwdng tron ban kinh R.

Duw¢i day ta xay dwng cbng thire tinh dé cong cho duwdng cong L trong hé toa do
Descarter vudng goc cé phwong trinh y =f(x).

B y”
C(M) = \3/2
(1+y72)
Khi L dwoc cho bdi phuwong trinh tham sé x = x(t), y = y(t), s dung cac cong
’ 2 ’ 14 ’ 14
hoe I _ y’(t), d y_x (Hy (t)3—y Ox") nhan  duoc
dx x'(t) dx x” (t)
B le”_ylxﬂ
C(M) = PR TP X
(x2+y )

Khi L cho b&i phwong trinh trong toa do cwc r =f(¢), khi dé ta co x =f(¢)cose,

2 12 _ n
y =f(p)sing. Tacé C(M) = I +or s

(r2 +r’2)

Vi du 3. Tinh d6 cong cua parabol y = x2.

Vi du 4. Tinh d6 cong cua dwong Ellip x =acost, y =bsint,0<t <2r.

Vi du 5. Tinh dd cong cta duong r =ae®”,a>0,b> 0.

3.3. buwéong tron chinh khuc, khiuc tam

Tai mbi diém M cla dudng L, vé phap tuyén hudng vé phia 16m cua L, trén d6 lay
mot diém /| sao cho Ml =

Puwdng tron tdm / ban kinh R = dwoc goi la

1 1
c(mM) , Cc(M)
dwdng tron chinh khuc cia L tai M. N6 tiep xac voi L tai M vi né c6 chung v&i L

dudng tiép tuyén va cd cung dé cong C(M) :% v&i L tai M. Tam cda dudng tron

chinh khuc nay goi la khuc tam, ban kinh R = cua n6 dwoc goi la khuc ban kinh.

1
c(Mm)
e Cach tinh toa dd khuc tam /(X,Y):

! 2 12
Néu L:y =f(x) thico: X:x—y(Lﬂy), y:y+_1+{ _
y y
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Néu L duwoc cho bdi phwong trinh tham sbé x = x(t), y = y (¢) thi cé

2 2 1 12 12
oy (xPey?) x'(x?+y?)
X_X_ "on [/ + [ "M

Xy —yX Xy —yX
Vi du 1. Budng tron chinh khdc cia dwdng tron ban kinh R 1a chinh né.

Vi dy 2. Buong thang khong co dwong tron chinh khic. Biéu nay 1a hién nhién vi
dwdng thang ¢ d6 cong bang 0.

Vi du 3. Viét phwong trinh dwéng tron chinh khic véi dwong y = 1 tai diém (1;1).
X

3.4. Pworng tac bé, dworng than khai

DPinh nghia. Ta goi quy tich cac khac tdm cta dwdng L (néu cd) la dwdng tuc bé
cua duwdng L.

Vi du 1. Lap phwong trinh tuc bé clia duwong y = x°/2.
Vi du 2. Tim dwong tic bé ctia parabol y? =2px, p>0.
Vi du 3. Viét phwong trinh duwéng tac bé cda ellip x = acost, y = bsint.

DPinh nghia. Cho " 13 dwdng tuc bé cua dwong L, khi d6 L dwoc goi la dwdng
than khai cua 1.

T cac vi du trén ta co

e dwong y = x*'? 1a dwdng than khai clia dwdong X = —%xz —2x,Y = %\/} (3x+1)

e Parabol y? = 2px la dwdng than khai ciia dwong y? = i(x— p)’

27p
e Elip X =acost, y = bsint la dwong than  khai cia  dwdng
2 2
X = C—cos3 t,y = C—sin3t
a b

Tinh chat 1. Phap tuyén tai méi diem M(x;y) cia dwong L la tiép tuyén cla
dwong tic bé I cla L tai khuc tam | rng voi M

Tinh chat 2. Do dai mot cung trén dwong I bang tri s tuyét doi cda hiéu cac khuc
ban kinh cua dwdng than khai L cua no tai hai mat cia cung ay, néu doc theo cung
nay khuc ban kinh bién thién don diéu.

Tw tinh chat nay ta nhan théy dwong than khai cia dwong L la quy tich cua mot
diem A trén nra duwdng thang MA tiép xdac voi L tai M khi nira dwdng thang nay
lan khéng trwot trén 1.

3.5. Hinh bao ctia mét ho dwdng cong phu thudc tham sé

Cho mét ho dwong cong L phu thuéc mét hay nhiéu tham s6. Néu moi duong cong
cua ho L deu tiép xac v&i mét dwdong E va nguoc lai tai moi diém cua duwdng E co

6
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mot dwdng cla ho L tiép xuc voi E tai diém Ay thi E dwoc goi la hinh bao clia ho
dwong cong L.
Vi du 1. Ho dworng tron mét tham sé c: (x — ¢)* + y* = R, v&i ban kinh R
Vi du 2. Ho duworng thdng mét tham sbé xcosa + ysina —1=0.
Vi du 3. Ho duworng thang mot tham sé: y — cx = 0, ¢ la tham sb.
Vi du 4. Buong tic bé clia mot dwong L 1a hinh bao clia ho cac dwong phap tuyén
cua L (Xem tinh chat 1 cua dwdng tdc bé). Do dé dwdng tuc bé cua L con duwoc goi
la dwdng phap bao cua L.
Dinh li. Cho ho dwéng F(x, y,c) =0 phuy thudc tham sb c. Néu cac dwong cla ho
ay khéng cé diém ki di, thi hinh bao E cla ho nay duoc xac dinh bang cach khir ¢
F(x,y,c)=0

Fé(x,y,c):O'

Chu y. Néu ho dwong cong F(x, y, ¢) = 0 c6 diém ki dj thi hé trén gom ca phuong
trinh hinh bao E va quy tich cac diém ki di. Hinh bao khéng l1ay nhirng diém ki di

twr hai phwong trinh {

Vi du 1. Tim hinh bao cta ho dwéng thdng xcosa + ysina —1=0.

Vi du 2. Tim hinh bao ctia ho parabol ban lap phwong (y—c:)2 —(x-¢)°

Vi du 3. Xét ho quy dao cla vién dan ban tir mét khdu phao véi van tée vy, phu
thudc vao géc ban a. Trong hé truc toa dd Descarter, phwong trinh chuyén déng
X =Vvptcosa

cla vién dan la 1 o
y = —Egt +Vptsina

& do g la gia tdc trong trudng.

HAVE A GOOD UNDERSTANDING!
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GIAI TICH 2
BAI 2.

§ 4. Mat trong r®
Diém M, trén mat Sdwoc goi la diém chinh quy néu tai d6 c6 cac dao ham riéng
Fr(Mo). Fy, (M), F;(My) va chiing khong dong thoi bang khong. Mot diém khong
chinh quy goi la diem ki di.

Binh li. Tap hop tat ca cac tiép tuyén clia mét S tai diém chinh quy Mo la mot mét
phang di qua M.

e Phuong trinh phap tuyén ctia mat S tai diém chinh quy M, 1a
X=Xy Y=Yy Z-2
Fr(My) Fy (M) F;(Mp)

e Phuong trinh tiép dién ciia mat S: F(x, y, z) = 0, tai M, 1a

Fe (Mo )(X = xo) + Fy (Mo)(Y = yo) + F; (Mg )(Z - 25) =0

Noi riéng khi mat S c6 phwong trinh z = f(x, y) thi phwong trinh tiép dién va phap
tuyén voi S tai diém chinh quy Mo(xo ; Yo ; 2o) lan ot la

(X =X0)fx (Mo) +(Y = yo)fy (M) = (Z - 29) = 0;

X =Xy _ Y -Yo :Z—ZO

fe(Mo) 1y (My) -1

Néu mat S c6 phwong trinh tham s6 x = x(u,v),y =y (u,v),z=2z(u,v), (u, v) € D.

Khi d6 phuong trinh tiép dién va phap tuyén clia mat S tai diém chinh quy Mo(xo ; Yo
; Zo) lan lwot 1a

(X =xo)A+(Y-yo)B+(Z-25)C=0;
X—Xg Y-Yo Z-2
A B C
:}’L(Mo) z,(Mo)
Yv(Mo) 2z, (My) v
e Vecto phap tuyén ctia mat S tai M 1a I\7(A;B;C).

Vi du 1. Viét phwong trinh tiép dién va phap tuyén clia mét cong z = ¥* + ) tai
diém M(1; -2 ; 5).

Vi du 2. Viét phwong trinh phap tuyén va tiép dién clia mat x* + y* - Z = 0 tai
diem My(3 ; 4 ; 5).

Vi du 3. Viét phuwong trinh tiép dién va phap tuyén ctia mat cong

 B=

X =rcose,y =rsing, z=rcota tai (r, €0)
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CHUONG II.
TiCH PHAN PHU THUOC THAM SO

§ 1. Tich phan phu thuéc tham sé trén mét doan
1.1. Khai niém.
Dinh nghia. Cho K(x, t) bichan: x € [c; d], t € [a; b] va kha tich theo t trén [a ; b],

b
khi d6 ta goi /(x) = IK(X, t)dt la tich phan phu thudc tham sé x.
a

1
Vidu1. /(x)=|tedt, x e [1; 2]
0
b
Vidu 2. /(x) = |tsinxtdt, x e [c; d], cd > 0.

a
1

dt

) 2,2
9 1+ x“t
1.2. Tinh lién tuc, kha vi, kha tich

Dinh li 1. (Leibnitz). Cho K(x, {) lién tuc trén hinh chir nhat D: a<t< b, ¢ < x < d thi

1°/ I(x) lién tuc trén [c ; d]

Vidu3. /(x)= xe[1;2]

B b B
2°/ I(x) kha tich trén [ ; B] < [c ; d] va c6 J.I(x)dx - IdtJK(x, t)dx

a a

b
3°/ Néu co iK(x, t) lién tuc trén D thi co I'(x) = J.iK(x, t)dt.
OX d OX

Ta van dung dinh i trén dé tinh mot sb tich phan phu thudc tham sé sau
1. b _,a
Vidy1. Tinh [X =X

dx, a,b>0
In x

1
Vidy 2. Tinh [2rCtanX

bxx/1—x2 |

1

Vidy 3. Tinh /, ()= [ —%— a%004neN
o(X2+82)
ml2

Vidu 4. Tinh /(a) = I In(a?sin? x + b2cos? x)dx, a,b>0.
0

HAVE A GOOD UNDERSTANDING!
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GIAI TICH 2
BAI 3.

§ 2. Tich phan phu thudc tham s6 v&i can l1a ham sé
2.1. Pinh nghia.

Cho K(x, t) lién tuc trén hinh chir nhat D: a <t < b, ¢ < x < d, cac ham a(x), B(x)
B(x)

lién tuc trén [c ; d] thod man a< a(x) < b, a< B(x) < b, ta goi /(x) = I K(x,t)dt la
] ] a(x)
tich phan phu thuéc tham sé véi can la ham so.

2.2. Tinh lién tuc, kha vi

Pinh li 2. Cho K(x, f) lién tuc trén hinh chir nhat D: a <t < b, ¢ < x < d, cac ham
o(x), B(x) lién tuc trén [c ; d] thoa mén a < a(x), B(x) < b, thitacd

1°/ I(x) lién tuc trén [c ; d]

2°/ Néu thém iK(x, t) lién tuc trén D, cac ham a(x), B(x) kha vi, thi co I(x) kha

oX
vitrén [c; d]vaco
B(x) 5
I'(x)= j — K(xt)dt+ fOOK(x, f(0)~a' (0K (x,a ()
a(x) X
1+x2
dt
Vidu1. Cho /(x)= _—
I 1+12 + x°
cosy )
Vi du 2. Xét tinh kha vi va tinh dao ham /(x) = I e’ dx
siny

§ 3. Tich phan suy réng phu thuéc tham sé
3.1. Héi tu déu

+00
DPinh nghia. Ta goi /(x) = IK(X, t)dt 1a tich phan phu thudc tham s x néu no
a
hoi tu v&i moi x € [c; d].
b +00
Tuong tw co thé xét [ K(x,t)dt, [ K(x.t)dt

DPinh nghia. /(x) duwoc goi la hdi tu déu trén[c; d]néunhuw V>0, 3 N() >0, V b

>N(e), Vxelc;d = <E.

TK(X, t)dt

10
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3.2. Tiéu chuan Cauchy

Dinh li (tiéu chuan Cauchy). /(x) = jK(x, t)dt hoitu déu trén [c; d] < 3 by dé co

[ K(x tydt| < 2,7 by, b, > by, v x e[c;d].
by

3.3. Dau hiéu Weierstrass. Cho:
o |[K(x,t)<F(t),vxelc;d],Vt=b=a, F(t) > 0 vakha tich

+00
. jF(t)dt hoi tu.

+00
Khi d6 j K (x, t)dt hoi tu tuyét d6i va déu trén [c ; d].

a

Vidu1. CMR f S'”txz dt hoi tu déu trén R
a+t
+00
Vi du 2. Xét tinh hdi tu déu caa j e *x!dt, a>0,tel0,al
0

Vi du. Chrng minh réng Ie‘y"zdx hoi tu déu trén (fy;+x),t; >0.
0
3.4. Tiéu chuén Dirichlet. Cho

«|[K(x1)df|<Cy, ¥ b>a v xelc;d,3Co>0

e ¢(x, t) hoi tu déu theo x dén 0 khi khi t — o va don diéu theo t v&i méi x cb dinh
thuéc [c ; d].

Khi @6 jK(x, t)o(t, x)dt hoi tu déu trén [c ; d]

sin xt

Jt

Vi du 1. Xét tinh hoi tu déu dt, x € [Xo ; +), Xo > 0.

o—38

11



PGS. TS. Nguyén Xuan Thao thao.nguyenxuan@mail.hust.edu.vn

_tx Sinx
X

+00
Vidu2. CMR Ie dx , t>0
0

3.5. Tiéu chuan Abel. Gia thiét rang:

+00
19/ [ K(x,t)dt hoi tu déu trén [c;; d]
a

2°/ |p(x, 1) <Cy,3Co> 0,V t2a, Vx e [c; d] vavei mbi x cb dinh ta co ham o(x, 1)
don diéu theo t.
Khi d6 ta co [ K (x,t)g(t x)dt hoi tu déu trén [c; d]
a
Vi du 1. Xét tinh hoi tu ddu je‘tx
0

dt, x € [Xg; +o), Xo > 0.

1
X2+t

HAVE A GOOD UNDERSTANDING!

12
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GIAI TICH 2

BAI 4.

§ 3. Tich phan suy réng phu thudc tham sé (TT)
3.6. Tich phan suy rong phu thuéc tham sé khac

3.6.1. Tinh tich phan Dirichlet

a) Pinh nghia /(y) = Imdx, y eR
X
0

ham £ (x, y) = SMUX) yac dinh trén Rx R, 606 £(0,y) =y
X

b) Cac tinh chat.
1°/ 1(y) hoi ty déu trén [o ; B], vOi B> o> 0 (hodc B < a < 0)

2°/ I(y) = %signy

3.7. Tinh lién tuc

Bd dé. Cho I(y):J.f(x, y)dx hoi tu déu trén tap U va day sb {a,} thod man

a
an
lim a, = o0, a, > a, ¥ n. Khi d6 day ham ¢, (y)= J.f(x, y)dx héi tu déu vé& ham

n—oo
a

sb I(y) trén U.

Dinh li 1. Cho ham flién tuc trén [a, ») x [a ; B] va tich phan /(y) = If(x, y)dx hoi
a

tu déu trén [o ; B]. Khi d6 ham I(y) lién tuc trén [a ; B].

Hé qua. flién tuc va dwong trén mién [a ; «) x [a ; B], tich phan J.f(x, y)dx hoi tu
a
t&i ham lién tuc I(y) trén [a. ; B]. Khi d6 ta c6 tich phan trén hoi tu déu.

3.8. Tinh kha vi

Dinh li. Gia thiét rang

1°/ Ham flién tuc va c6 dao ham riéng f}; lién tuc trén mién [a ; «©) x [a ; B]
2°/ Tich phan I(y) = If(x, y)dx hoi tu trén [o ; ]

a

3°/ Tich phan I f'(x, y)dx hoi tu déu trén [o ; ]
a

13
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Khi d6 ham /() kha vi trén [o ; 8] va dao ham dwgre tinh theo cong thire 1'(y ) = Hﬂ (x,y)dx

3.9. Tinh kha tich
Binh li. Cho

1°/ Ham flién tuc trén mién [a ; ©) x [o ; B]
2°/ Tich phan /(y) = If(x, y)dx hoi tu déu trén [o ; p]

B © B
Khi d6 I(y) kha tich trén [a ; B] va co jdyjf(x, y)dx = jdxjf(x, y)dy
o a a a

Hé qua. Cho

1°/ flién tuc, dwong trén mién [a ; ) x [o ; ©)

2°/ Cac tich phan J(x) = J.f(x, y)dy, I(y)= J.f(x, y)dx héi tu t6i cac ham lién tuc

a

Khi d6 néu mét trong céac tich phan sau ton tai Idxjf(x, y)dy, Idyjf(x, y)dx
a a a a

thi tich phan con lai ciing tén tai va ching bang nhau.

3.10. M6t so6 vi du.

a) Xét sy ton tai, kha vi clia cac ham £, (x) = J.t“‘1e‘te”(tdt
0

© _—ax®  -bx? % a-ax _ ,—bx
b) Tinh Ie © _ _dx, ab>0 ¢) Tinh Iusinmxdx, ab>0
X

X

2
d) Tinh J‘arctanax a>0 e) Tinh Ie‘ax cosmxdx, a>0

x(1+x

§ 4. Cac tich phan Euler

4.1. Tich phan Euler loai 1
a) Dinh nghia. Tich phan Euler loai 1 (hay goi la ham Beta) la tich phan phu thudc
1

hai tham s6 dang B(p, q) = J.X’H (1-x)""dx, p>0,g>0

0
b) Tinh chét

1°/ B(p, q) héitu véip >0, g>0.
2°/ B(p, q) hoi tu déu trén mién [po ; p1] x [qo; q1], & d6 p1 > po >0, 1> go > 0
14
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3°/ Ham B(p, q) lién tuc

4°/ Ham Beta c6 tinh déi xirng
5°/ Cong thire truy hoi: B(p+1,g+1) = q B(p+14q)= P B(p,q+1).

p+q+1 p+q+1
NGi riéng B(1, 1) =1, B(p + 1, 1) = ——
p+1
n! n!

B(p+1n)= B(p+11)=
(p+17) (p+n)(p+n-1)-(p+2) (1) (p+n)(p+n="1)--(p+1)

_(n=D!(m-1)! _(n=D(m-1!
B(m.n) = (m+n-1! B(1Y)= (m+n-1)!

4.2. Tich phan Euler loai 2
a) PBinh nghia. Tich phan Euler loai 2 (hay con goi la ham Gamma) la tich phan

phy thuéc mot tham sb cé dang I (p) = pr‘1e‘xdx, p>0

b) Tinh chét ’

1°/ T(p) hdi tu v&i moi p > 0, va hoi tu déu trén mién [po ; p1] v&i p1 > po > 0

2°/T'(p) lién tuc ]

3°/ Cong thire truy hoi I'(x +1)=xI"(x),vx >0
I(n+p)=(n+p-1)(n+p-2)..pT(p).

o . 1) fe¥ T2
No6irieng I'(1) = 1; I'(n+1)=n r > :J. dx:ZIe dz=A~rn
X
0 0

X
i8n hé véi r(p)r(q)
4°/ Lién hé voi B(p, q): B(p,q)=—""—==
(p.)="F (p+q)
4.3. M6t sé vi du tinh tich phan nh& ham Gamma va Beta

o0

Vidu1.Tinh [et(t—x)t* "Intdt (I (x))
0
, T max? 1 m+1
Vidu 2. Tinh | x"e ™ dx ,a>0 ( F( ))
. m+1 2
0 2a 2
wl2 4
Vi du 3. Tinh I sin?*'9cos?9'0d6, p, g > 0 (5B(.p))
0
1 2p-104 291
Vi du 4. Tinh I(”X) (1-x) dx,p,q>0 (2P*92B(p,q))
2\P*+q
1 (1+x )

HAVE A GOOD UNDERSTANDING!
15
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GIAI TiCH 2
BAI 5
CHUONG Ill. TICH PHAN BOI
A. TiCH PHAN HAI LOP (TiCH PHAN KEP)

3.0. Tinh thé tich bang tich phan lap
e D3 biét cong thirc tinh thé tich vat thé trong Giai tich I:  V = I S(x)dx  (0.1)

e Dién tich tiét dién thang S(x) dwoc tinh nhw sau:
y2(x)
S(x)= I f(x,y)dy (0.2)
y1(x)
e Thay (0.2) vao (0.1) ta co
b( yo(x) 2(X)

V:J I (x,y)dy dXE‘TdX I f(x,y)d

a\ y1(x)
X
IZydy dx
X2

Vi du 2. St dung tich phan lap tinh thé tich t& dién gi¢i han b&i cac mat phéng
toa dé va mat phang

X

Vidu 1. Tinh tich phéan lap / =

O"—)—\

x+y+z=1.
3.1. Tich phan hai I&p trén hinh chir nhat déong
3.1.1. BDinh nghia
a) Phan hoach = chia hinh chir nhat R = [a ; b] x[c ; d] thanh h{ru han cac hinh chi¥
n
nhat déng, déi mét khédng cé phan trong chung va ¢é |R| = ZAR,- ,
i=1
AR;la dién tich hinh chir nhat thw /, |R| la dién tich hinh chir nhat R;
dila duwdng chéo hinh chir nhat AR;, d(n) = maxd,

i=1,n

b) Téng tich phan
n
o(f, 7, p1, ..., Zf & i) ARy, p; (&5 77)
i=1

Ham f(x,y) xac dinh va bi chan trén R
c) Cac téng Pacbu
n
e Téng Pacbu dudi: s(z) =Y mAR,
i=1
16
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n
e Téng Pacbu trén: S(z) = > M;AR;, & do
i=1
m; =inf f(x,y), M; =supf(x,y),
AR; AR;

thi co
mIR| < s() < o(f, 7, P1, ..., pr) < S(7) < MR
d) Téng trén khong ting, tong dwéi khong giam
e Ta bao phan hoach n’ min hon =« néu mdi hinh ch® nhat trong phan hoach =’
ludbn nam trong hinh chir nhat nao day cta phan hoach «
e Khi " min hon r, ta ¢ s(n) < s1(n) < S{(n) < S(n).
e) Day chuan tac cac phép phan hoach

Cho {r,} 1& ddy cac phan hoach hinh chi* nhat R. Day {r,} dwoc goi 1a chuan tic

néu lim d(z,)=0.
n—oo

f) Pinh nghia tich phan kép
Cho f xac dinh trén hinh chir nhat déng R, Néu c6 |im o(f, 7, py, ..., p,)=

n—oo

Pn
lim " f(&.m;)AR; =1 (s thue hiru han) véi moi déy chuén tac

n—oo 4
i=1

{nn}: T = {AR1, ARQ, ceny Aan },

v&i moi cach chon diém p; = (& ; 1) € AR, thi ta ¢ ham f kha tich trén R va viét
”f(x, y)dxdy =1.
R

3.1.2. Didu kién kha tich

Dinh li 1. Ham f kha tich trén R déong = f bi chan

Binh nghia. {r,} la day chuan tac bat ki. Ta goi lim s(xz,) (lim S(xz,)) la tich
NnN—00 n—oo

phan duéi hai 16p (tich phan trén hai I6p) va ki hidu la j j f(x, y)dxdy
R

(”f(x, y)dxdy)

Pinh i 2. Ta c6
19/ s(x) < ”f(x,y)dxdy < ”f(x, y)dxdy <S(r)
R R

2°/ sup s(z)=||f(x,y)dxdy, inf S(z)=||f(x,y)dxdy,
PL(JIE) " J!(xy) 4 P(R) () -g( ) Y

17
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P (R) la tap tat ca cac phan hoach cla R.
Pinh li 3. B
Cho fbichan trén R. Khi d6 fkha tich trén R

= ”f(x,y)dxdy = ”f(x, y)dxdy
R R

Dinh i 4. Cho f bj chan trén R. Khi d6 f kha tich trén R < V ¢ > 0, bé tuy y, 3
phan hoach n cia R sao cho S(n) — s(n) < ¢

Dinh li 5. flién tuc trén R thi fkha tich trén R.

Dinh li 6. fxac dinh va bj chan trén R, cé flién tuc trén R\E, 3 d6 Ec Rva |E| =0
= fkhatich trén R.

3.2. b6 do Peanno - Jourdan
e D6 do. Timlép M R? 3& VA = M c6 do do 1a m(A) thoa méan:
1°/ 0 < m(A) < +w©
2°/ Moi hinh chir nhat A € M va co m(A) = |A|
3°/ Moi A, B € M, r&i nhau thi c6
m(A U B) = m(A) + m(B)

e Do do Peanno - Jordan. Cho A < RZ, ta goi d6 do ngoai cua nod la
n n
m*(A) = inf{Z\A,\ : UA,- ) A}, ¢ do A, 1a nhirng hinh chir nhét.
i=1 i=1
Néu A = Ay ndo do thi ta goi dé do trong ctia no la
m, (A) =|4|-m" (4 \ A).
Tap A duwoc goi la do duwoc < m'(A) = m.(A) va khi dé ta dinh nghia m(A) = m'(A) =
m.(A)
Do do Peanno-Jordan thod man céc tién dé vé do do.
3.3. Tich phan hai I&p trén tap hop bi chan

a) PBinh nghia. R la hinh ch{r nhat déng, tap bi chan D c R, ham f goi la xac dinh
trén D, va

f(x,y),(x,y)eD
fO(X’y)_{O, (x,y)eR\D

Néu f, kha tich trén R thi ta bao fkha tich trén D va dinh nghia

”f(x, y)dxdy = ”fo(x, y)dxdy

18
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Dinh li 7. D gi&i ndi trong R, fbi chan, > 0 trén D. Néu fkha tich trén D thi tap

A= {(x,y, Z)e R3 (x,y)eD,0<z<f(x, y)}(vét thé hinh tru)

do duoc theo nghia Jordan trong R va thé tich ctia A la |Al = ”f(x, y)dxdy
D
Dinh li 8. Tap D gi&i ndi trong R?, Xp(x, y) =1, (x, y) € D. Tap D do dugc theo
nghta Jordan < X, kha tich trén D, khi d6 ta cé |D| = j j Xp(x, y)dxdy = j j dx dy
D D

Hé qua 1. Tap D bi chan trong R? thi D do duoc theo nghia Jordan |0D| =0
Hé qua 2. Ham s6 f: [a ; b] »> R kha tich trén doan [a ; b] thi db thj " cla
f co dién tich 0.

Hé qua 3.’D gidi ndi trong R?, 8D la hop clia hiru han cung dwoc xac dinh bdi
cac ham s0 lién tuc thi D la tap hop do duwoc.

Mién gidi ndi trong R? thoa cac didu kién ctia Hé qua 3 duoc goi la mién chinh
quy trong R?
b) Tinh chét

1°/ Cong tinh. D = Dy v D, bi chan trong Rz, |Dy m Dy| = 0, fkha tich trén D4, D,
= fkha tich trén D va co

”f(x, y)dxdy = ”f(x, y)dxdy +”f(x, y)dxdy

2°/ Tuyén tinh. D bj chan trong R?, f, g kha tich trén D = of + Bg kha tich trén D
va co ”[af(x, y)+Bg(x y)]dxdy
D

= a”f(x, y)dxdy +,B”g(x, y)dxdy, a,BeR

3°/ Bao toan thur tw. Hai ham f, g kha tich trén tap bi chan D R?, vaco f(x, y) <
a(x, y), V(x, y) € D. Khi do

”f(x, y)dxdy < ”g(x, y)dxdy .

Hé qua 4. Néu m < f(x, y) < M, Y(x, y) € D, thi ¢6
m|D|£”f(x,y)dxdy£M|D|
D

Hé qua 5.

”f(x,y)dxdy

< ”‘f(x y)|dxdy

19
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4°/ Kha tich.

Dinh 1i 9. D la tap do dwoc trong Rz, flién tuc, bi chan trén D = fkha tich trén D.
Pinh li 10.

ID| = 0, fbi chan trén D = ”f(x, y)dxdy =0.
D

Dinh li 11. g bi chan trén D, fkha tichtrén D, |E| =0, Ec D, g(x, y) = fix, ¥), V (X, y) €
D\E = g kha tich trén D va c6 ”g(x, y)dxdy = ”f(x, y)dxdy
D D

5°/ Cac dinh li gia tri trung binh

Dinh li 12. D la tap hop do dwoc, fkha tichtrén Dvacé m<f(x, y) <M, V(x, y) €
D.

Khi d6 3 u e [m, M] sao cho ”f(x, y)dxdy = ulDl
D

Dinh li 13. Cho D déng, do duwoc, lién thdng, flién tuc trén D = 3 p(§, n) € D sao
cho

”f(x, y)dxdy =f(p)IDI.

HAVE A GOOD UNDERSTANDING!
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GIAI TiCH 2
BAI 6
A. TiCH PHAN HAI LOP (TiCH PHAN KEP) (TT)

3.4. Pwa tich phan hai I&p vé tich phan lap
a) Dinh li Fubini trén hinh chir nhat. f kha tich trén hinh ch{ nhéat
R =[a;b]x[c;d]

1°/ Néu tdn tai jf(x, y)dy véi x cb dinh < [a ; b] = go(x):jf(x,y)dy kha tich

trén [a ; b] va co ”f X, y)dxdy = I[If X,y dy]d (4.1)

apLc

b
29/ 3 jf(x, y)dx, véi y ¢b dinh thudc [c ; d] = v (y) :jf(x, y)dx kha tich trén [c ; d]
a

va co ”f X, y)dxdy = jf.[jzf X,y dx}dy (4.2)

cLa

NOi rleng, néu co flién tuc trén R thi ta c6 dbng thoi (4.1), (4.2)
Vi du 1. ” x+y)dxdy, R=[0;1]x[0; 2]

2
Vi du 2. ” 1dXdy R=10:1]x[0: 1]
+y

b) Dinh li Fubini trén tap hop bi chan
1°/ @1, @2 kha tich trén [a ; b], ¢1(x) < @2(X), VX € [a; b],
D={(x;y)a<x<b, ¢i(x) <y < p2x)}

@2 (x)
fkha tich trén D, 3 j f(x, y)dy, Vx cb dinh thudc [a ; b).
o(x)
@2(X)

Khi d6, ¢(x) = j f(x, y)dy kha tich trén [a ; b] va c6
@(x)
b (pz(X)

”f X, y)dxdy = Idx J f(x,y)dy (4.3)
a ¢x)

N0| riéng, néu ¢4, @, lién tuc trén [a ; b], flién tuc trén D thi van dung
2°/ w1, w2 kha tich trén [c; d, yi(y) < wa(y), Vy € [c; d],

21
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D={(x;y):c<y<d, yi(y) < x < ya(y)}
val(y)
fkha tich trén D va 3 j f(x, y)dx, ¥ y b dinh thudc [c ; d].
v(y)
wal(y)
Khidé w(y)= | f(x y)dx khatichtrén [c; d] va co
v1(y)
d waly)
”f(x, y)dxdy = jdy j f(x,y)dx  (4.4)
D c wily)
NGi riéng, néu 4, v, lién tuc trén [c ; d], flién tuc trén D thi van dung

Vidu 1. "(xz +y)dxdy, D:y=x, y=x.
D
Vi du 2. “\/4x2 —yzdxdy, D:x=1,y=0,y=x.
D
Vi du 3. [[[cos(x+y)|dxdy, D:[0;a] x [0 ]
D
Vidu4. ([\|y—x%axdy, D:[-1;1]x[0; 2]
D
1 3—y2
Vi du 5. Dai thtv tw tinh tich phan j dy j F(x,y)dx
0 J2y2

1 1
2
Vidu 6. Tinh Idyje—x dx
0 vy

3.5. D6i bién trong tich phan 2 16p.

a) Do6i bién

Pinh li 1. Tap m& U < R?, D la tap con do dwoc, compact ctia U, anh xa ¢: U —
R2, (u, v) — (x(u, V), y(u, v)), & d6

e X, y kha vi lién tuc

* la don anh
DO

O

« Binh thirc Jacobi J(u, v) = 2Y) g tran De.
D(u,v)

Khi dé

e ¢(D) la tap compact do duoc

22
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e Néu f: (D) — R lién tuc trén ¢(D) thi co

” f(x,y)dxdy = ”f(x(u, v), y(u,v))|J(u,v) dudv

o(D)

Vi du 1. Tinh "xsin(x+y)dxdy,D:OSXS%,OSySX
D

Vidy2. Tinh [[(2-x-y)°dxdy, D:0<x<1,x<y<x
D

, . _ x+y=0y=-1

Vi du 3. Tinh ||arcsin/x + ydxdy, D:

. ’ y Y {x+y:1,y:0}

Vidu 4. Tinh "dxdy,D:y=x,y=4x,xy=1,xy=2.

D

b) Déi bién trong toa do cwc
Cho anh xa ¢:R? > R?, (0,r)— (x,y), x=rcos6, y = rsind.
—rsing cosé
rcosf siné

Taco J(H,r):%’,}r/)):

Dé& thay ¢ khdng la song anh, tuy nhién thu hep clia ¢ trén A= (o.; o + 21) x (0 ; +),
o e R lasong anhtr A —» R?\(0;0).
Néu D 1a tap compact do dwoc sao cho IntD = U,, a e R thi thu hep cua ¢ trén
IntD la don anh va J(6, r) # 0 trén IntD. Khi d6 v&i ham so lién tuc tuy y f: o(D) —>
R taludn co ” f(x,y)dxdy :”f(rcose, rsin®)rdrdo

»(D) D

Vidu1. /= [[e X axdy, D: 2+ 2 <1.
D
Vidu 2. / = [[sinyx? + y2dxdy , D: i? < X + y < 4n%.
D
2 2 2 2
i cr X“ y X° y
Vidu3. /= ——-—=—=dxdy,D:—+7<1.
" a’ b a’  b?
o [1=x2 =2
Vidud. /= || |-———25dxdy,D:{+y’<1,x>0,y>0}
INT+x“+y
D
. 2 2 2
Vidu5. /= X Y dxdy,D:%+y2£1

J 2
5 a-(x+y?)
c) Tich phan hai I&p trén tap déi xirng

Cho D = Dy v Dy, D, = s (D), cac tap D4, D, do dwgc va |[D1 n Dy| =0, S la phép
23
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ddi xirng
19/ Néu (S (x, y)) = f(x, y), ¥ (x, y) D thi c6 ”f X, y)dxdy = 2”f X, y)dxdy
Dy

2°/ Néu f(s (x, y)) = —f(x, y) thi co I f(x,y)dxdy =0

2 2

Vidu1. Tinh /= [[(x2 = y?)dxay, D: 5+ <1
II( ) 82 b2
Vi du 2. Tinh
DX Y
I=[](x°- dxdy —+-—F5<
-[-[ 82 b2

3.6. Tinh thé tich vat thé
B= {(x y,Z)e RS, (X y)<z<p(xy), (X y)e D}
=Bl = ”[ﬁl’z(X, y)—er(X, y)]dxdy
D
Vi du 1. Tinh thé tich vat thé
2 2 Z2

a) eII|px0|t y

)V = 2c”,/1————dxdy

+) X =arcosg, y =brsing = V—gnabc

y=Jx,y=2Jx,x+2=6,2=0 (@)
2

az> X+, X+ + 2 =34
=y, X*=2y, V=X, y°=2x,z=0
a’, X +7=a
X+ ¥ =2xy, (x>0,y>0),z=0
HAVE A GOOD UNDERSTANDING!

—~

+
flz=x+y,
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GIAI TICH 2
BAI 7
TiCH PHAN HAI LOP (TT)

3.7. Dién tich mat cong
a) Mat cong tham sé tron.

e Mat cong tham sé: U la mién (mé& va lién théng) trong RZ, méat cong tham sb =
x=x(u, v), y=y(u,v), z=2z(u, v), (u, v) e U.

e Mat tron: Mat cong X tron <

1°/ Cac ham x, y, z c6 cac dao ham riéng lién tuc trén U

2°/ Hai vecto My = (), y.,. Z,)» My — (X, y,. z,) 1 doc lap tuyén tinh, v (u, v) €

U

e Mat don. Mat cong X la don < anh xa

(u,v)—=M(uv)=(x(uv),y(uv),z(uv)) 1adon anh

b) Mat tron v&i biéu dién tham sé

Cho mat cong véi tham sd Z: x = x(u, v), y = y(u, v), z= z(u, v), (u, v) € U, U c R?

Phap tuyén clia mat = tai diém M(u, v) 1a

! !

. b4 Z, X X !
N(uv)=(AB,C), &do A=Y Z| B=[" | c=["
yV ZV ZV XV XV yV

i j k

Hay N(u,v)=|x, Yy, z,

X, Yy Z

Ham sb sau lién tuc (u,v) — "N(u v)” = JA2 B2 1 C?

c) Dién tich mat cong. Cho méat cong tham sé = don, tron x = x(u, v), y = y(u, v),
z=2z(u, v), (u, v) € U, U la mién trong r2.

)| cav goi 1a dién tich cda mat S, ki

Dinh nghia. S thwc khéng am ””N(“ v
D
hiéu Ia (S) hoac |S.

eTagoi dS= ||N(u, v)”du dv la yéu td dién tich ciia méat S.
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d) Dién tich mét z=f(x, y). Cho f ¢ cac dao ham riéng lién tuc trén U, tap compact

12 12
D < U, khi d6 ta c6 u(S) = ”\/”fx 1y dXdy,frdé S:z=1fx,y), (x,y) e D.
D

Vi du 1. Tinh dién tich phan cia mat dinh éc

X=rcos6, y=rsing,z=ho,0<r<a,0<0<2n.

Vidu 2. ‘ ‘

Tim dién tich phan ctia mat paraboloit z =1 — x* — y* nam trong mat tru x* + y* = 1
B. TICH PHAN BA LOP

3.8. Tich phan ba I&p trén hinh chir nhat déng

a) Phép phan hoach hinh hép chir nhat.

Cho hinh hép chir nhat déng P = [a ; @'] x[b ; b'] x[c ; ¢']. Chia P thanh nhirng hinh
hop chi¥ nhat dong AV;, AV, ..., AV, ddi mot co phan trong khéng giao nhau goi la

phép phan hoach =. Ki hiéu d; la dwdng chéo cta hinh chi¥r nhat V, d(z)= rl_r:1.1sa_;<d,
goi la dwd'ng kinh cua phan hoach .

Day {r,} nhitng phép phan hoach hinh hép chir nhat P goi la chudn tic néu
im d(,) = o
n—w
b) Téng tich phan va cac tbng Dacbu trén, dwdi cia ham sb xac dinh trén hinh
hop chlr nhat dwoc dinh nghia hoan toan twong tw nhw trong trwong hop tich
phan hai I&p va tich phan mot 1op.
c) Binh nghia. Cho ham sb f xac dinh trén hinh hop chir nhat dong P, day chuén
tAc {n,} cac phép phan hoach P; 1, = {AV4, AV,, ..., AVR}

P

LAy tuy ¥ Q(&, ns &) € AV, i=1,2, .., Pp. D&t o, (F, 70, Qe Q) = D F(Q) AV
=1

>

-~

Néu co ,,!Inooan =1€R y&i moi day chudn tic {r,} cac phan hoach cia hinh hop P

va moi cach chon diém Q € AV, thi khi d6 ta n6i ham f kha tich trén P va / goi la
tich phan ba I&p ciia ham so f trén hinh hdép chir nhat déng P, ki hiéu la

”jf(x, y, z)dxdydz o« ”jf(x y,z)dV

Vi du. Tinh ” 2dxdydz b= 1. 01« [2: 4x [1; 4]
D

d) Diéu kién kha tich dwoc thiét 1ap hoan toan twong tw nhw doi véi tich phan hai
|&p. O day ta chi néu mét dinh li vé sw ton tai tich phan

Dinh i 1.,Cho hémlsé f bi chan trén hinh hép chi* nhat dong P, E — P, E la tap
hop cé thé tich 0. Néu flién tuc trén tap hgp D\E thi fkha tich trén P.
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3.9. Tich phan ba I&p trén mét tap hop bi chan

a) Dinh nghia. Cho tap bj chdn g - r3, hinh hdp chir nhat déng P > B va ham sb
. f(x,y,2z), (x,y,z)eB
"o, (xy.2)eP\B

Néu ham sb f, kha tich trén P thi ta néi fkha tich trén B va dinh nghia

”m ¥, z)dxdydz= fy(x y,z)dxdydz

b) Tinh chat. Tich phan ba I&p c6 cac tinh chat twong tw nhuw tich phan hai 16p,
cu thé: tuyén tinh, cdng tinh, bao toan th tw, dinh li gia tri trung binh, ....

c) b6 do Jordan.
1°/ Tap bichan B R3, X(x,y,2)=1,V (x,y, z) € B
Tap B do dwoc theo nghia Jordan < ham sb X kha tich trén B. Khi dé thé tich cla
gy V(B =IBl= IIIX(X Y, z)dxdy dz = ”jdxdydz_
B B

Hé qua 1. B bi chan < Rr3, khi dé B do dwoc theo nghia Jordan < V (6B) = 0
2°/ D do dwoc trong R2, fkha tich trén D, khi do V(S) =0, & dé

S:{(x,y,z)eR3 :(x,y)eD,z:f(x,y)}.
Hé qua 2. D la mién chinh quy trong R2 va ham sé flién tuc, bi chan trén D thi c6
V(S) = 0.

Hé qua 3. Tap B bi chan trong R?3, 0B la hop ctia mot ho hivu han z = z(x, y), (x, y)
Dz, x = x(y, 2), (v, 2) € Dy, y = ¥(z, X), (z, X) € Dy, cac ham X, y, z lién tuc trén cac
mién chinh quy déng D,, D, D,, thi tap B do dwgc theo nghia Jordan

Vi du. Hinh cau, elipxoit, tru tron xoay la nhitng tap hop do duwoc theo nghia
Jordan

d) Cac I&p ham kha tich: Tap B do dwoc trong 3, ham sb flién tuc, bi chan trén
B thi kha tich trén B.

HAVE A GOOD UNDERSTANDING'
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GIAI TICH 2
BAI 8
B. TICH PHAN BA LOP (TT)

3.10. Cach tinh. Gap nhiéu kho khan trong viéc tinh tich phan ba I&p bang dinh nghta.
Giai phap hop li la dwa vao ki thuat tinh tich phan hai I&p va tich phan mét 1&p.

a) Tich phan ba I&p trén hinh hop chir nhat
Dinh li Fubini. Cho fkha tich trén hinh hép chlr nhat dong P = [a, a’]x[b, b']x[c, ¢']
1°/ V&i mbi (x, y) € R=[a, a]x[b, b'], ham sé z+— f(x, y, z) kha tich trén doan [c,

c'
¢l thi ham s ¢(x, y) = _[f X, v, z)dz kha tich trén R va c6
C

”If(x,y,z)dxdydz = ”go(x, y)dxdy = ”dxdyf[f(x, y,z)dz (10.1)

2°/ V&i mbi z € [c, ¢], ham sb (x, y)+— f(x,y,z) kha tich trén hinh chi nhat
= [a, @]x[b, b'] thi ham sb v (2) = j I f(x,y, z)dxdy kha tich trén [c, ¢'] va

c’ c
” f(x,y,z)dxdy,dz = J(//(z)dz = J.dzJ‘ f(x,y,z)dxdy (10.2)
R
b) Cho ham f lién tuc tren hinh hop chir nhat dong P, kh| doé ta c6 cac cong thure

(10.1) va (10.2), khi d6 do ham sb (x,y)+— o(x,y)= If X,Y,z)dz lién tuc trén

hinh chir nhat R = [a, a'|x[b, b'], nén ta co

a b c
” f(x,y,z)dxdydz = Idxj.dyj.f(x, y,z)dz
P b
c) Cho tap D do dwoc theo Jordan trong R?, cac ham sb 01, 2: D — R kha tich

trén D va ¢1(x, ) < @2(X, y), V (x1, X2) € D, B={(x, ¥, 2) R3: (%, ¥) € D, o1(x, y) < z
< @a(x, )} (vat thé hinh tru)

Dinh li (Fubini). Cho ham f: B — R kha tich trén B. V&i méi (x, y) € D, ham sb
z+— f(x, y, z) kha tich trén doan [p1(X, y), 02(X, ¥)] thi ham s

P2(X,y)
w(x,y)= J f(x,y,z)dz
o1(x, y)
kha tich trén D va cé
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P2(X,y)
” f(x,y,z)dxdydz = ”t// X, y)dxdy = ” f (x,y, z)dzdx dy
D ¢1(x,y)
d) Cho tap hop D do dugc trén RZ, ham sb @1, @2 lién tu~c, bi chan trén D, ham f:
B — R lién tuc, bi chan trén B thi dinh li Fubini ndéi trén van dung.
e) Cho Bla t?p do duqc theo :lordan trong I,R{3, gi¢i han bdi z = ¢ va z = ¢’ va mbi
Z € [c, c'], tiet dién thang B cat b&i mat phang Z = z la tdp do dwoc theo Jordan
trong R?, goi B, 1a hinh chiéu cla tiét dién dé 1én mat phang Oxy.
Dinh li (Fubini). Cho ham f: B — R kha tich trén B. Néu mbi z € [c, ¢'], ham sb
(x,y)— f(x,y,2z) kha tich trén B, thi ham s ¢(z) = ”f(x, y,z)dxdy kha tich

B,

trén [c, ¢'] va co J”f(x Yy, z)dxdy dz = Tgo(z)dz = sz”f(x, y, z)dxdy
B c

c By

NGi riéng, Dinh li dung v&i ham sb flién tuc va bj chan trén B.
, , 1
X+y+2z< > > > —
Vidu 1. Tinh J-J-J'xdxdydz B:x+y+z<1,x>0,y>0,z>0. (24)

Vi du 2. Tinh m XAYAz 44 7<1,x20,y20,220 (in2-—)
x+y+z+1 2 16

3.11. Do6i bién trong tich phan ba I&p
a) D6i bién
Dinh li 1. Cho Q la tap mé < R3, tap compact, do duwgc B — Q2, anh xa ¢: Q —
R? xac dinh b&i o(u, v, w) = (x(u, v, w), y(u, v, w), z(u, v, w)), & do
1°/ Cacham x, y, z: Q — R thudc 16p C' trén Q.
2°/ Thu hep cua ¢ trén IntB la don anh
3°/ Binh thtrc Jacobi J(u, v, w) = M #0,V (u,v,w) e IntB.
D(u,v,w)
Khi dé ta co
1°/ ¢(B) la tap compact do dwoc
2°/ Néu f: ¢(B) — R lién tuc trén (p(B) thi

J” X, y,z)dxdy dz = ”J'f uv,w),y(uv,w), z(u,v,w))J(uv,w)|dudvdw

b) Toa dé tru. Cho anh xa ¢: R® — R3, (r,p,z)— (rcosg,rsing, z).

RG rang ¢ x = r cosg, y = r sing, z = z déu thudc I&p C” trén R,
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cosp -rsing 0
J(r,p,z)=|singp rcosep O0O|=r
0 0 1
V&i mbi ae R, thu hep clia ¢ 1én tap hop A = (0 ; ©)x[a, o + 2n]xR* Ia song anh
ttr A 1én R® bd di truc Oz, nén co J(r, ¢, z) # 0 trén A.
Thu hep cla ¢ trén tap m& Q, = (0 ; wo)x(a, o + 2n)xR™ 14 song anh tir Q, 1&n tap
mé& V, = R3\ P/, P’ la nlra mat phang déng cé bd I truc Oz c&t méat phdng Oxy
theo nlra duwong thang tao véi truc Ox goc o.

Khi B la tap compact do dwoc sao cho IntB < Q,, Va thi thu hep cia ¢ trén IntB la
don anh va J(r, ¢, z) # 0 trén IntB. Khi do ta co

”_[ X, y,z)dxdy dz = _[”f (r.e,z),y(r.9.2),z(r, ¢, z))rdrdedz

Vi du 1. Tinh m ZdXdde B R+yP<d 0<z<ha>0,h>0. (+zh?in(1+a2))
1+ x% + y? 2

Vi du 2. Tinh j”—dxdydz,B:2322x2+y2,x2+y2+22£332 (%mf)
. /x2+y2
2 2p2

Vidu 3. Tinh zdxdydz, B:zzz%(x2+y2),z:h>0 (ﬂh4R )
-

Vidu 4. Tinh [[[dxdydz, B: 2+ 2+ Z=2Rz, ¥ +y*<Avachta(0:0:R)
-

Vi du 5. Tinh ."z\/x2+y2dxdydz, B:y:\/2x—x2,y:0,z:0,z:a>0
-

c) Toa doé cau. Cho anh xa ¢ : R® — R3, (r, @, 0)— (rsinfcosg, rsindsing, rcoso)
rd rang cac ham s x, y, z € C* trén R®, va co
sindcose -—rsin@dsing rcosOdcose
J(r,p,0)=|sindsing rsinfcosp rcosfsing =-r?sing,
coso 0 —rsing

V&i mbi o € R, thu hep o trén tap hop A = (0 ; «)x[a, o + 21)x(0, r) Ia song anh tir
Alén R® bd ditruc Oz, va co J(r, ¢, 0) = 0 trén A.
Thu hep cta ¢ trén tap m& Q, = (0 ; )x(a, o + 2x)xR la song anh Ién tap hop
m& V, =R\ P/, & dé P la nlra mét phdng dong cé be Ia truc Oz, c&t mat phang
Oxy theo nira dwdrng thang tao véi truc Ox géc .

Khi B la tap compact, do dwgc sao cho IntB <« Q,, a hao do thi thu hep cta ¢ trén
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IntB la don anh va J(r, ¢, 0) = 0 trén IntB do do6 co

I” X,y, z)dxdy dz = J”f (r,0.2),y(r,0,2),2(r,p,z))r*sin0dr dpdz

»(B)

Vidu1. ([
vidu2. ([
Vidu 3. [[[

Vidua. [[[

2 2 2
X y
dxd dz, B: —t+ = +—<1
4 a2 b2 c?

(x2 +y2)dxdydz, B: x? +y2 +27% <R?

2 2 2
xzyzz2 dxdydz, B: X Y .z

22_2£1
a- b° c

2

\/x2+y2+zzdxdydz, B:x2+y2+z <X

HAVE A GOOD UNDERSTANDING!'!
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GIAI TiCH 2
BAI 9
CHUONG IV. TIiCH PHAN BUONG VA TiCH PHAN MAT

A. TiCH PHAN BPUONG
§1. Tich phan dwéng loai 1
1. Dat van dé
2. Pinh nghia. f(x, y) xac dinh trén dwong cong C = AB. Chia C thanh n phan
(khéng d&m 1&n nhau) béi cac diém A = A, Ay, ..., A, = B.
Goi tén va do dai clia cung thtvi: A _A laAs, i=1n.

o n
LAy tuy y Mi(x;; vi) € A _4A; , laptong I, = Zf(M,-)As,- .

i=1

Néu co lim I, =1 v&i moi cach chia C va moi cach chon diém M, thi ta goi / la tich

nN—o0
phan dudng loai mot ctia ham f(x, y) 1y trén dwdng cong C va ki hiéu

I:Jf(x, y)ds = I f(x,y)ds
C AB
Vi du 1. Tinh jzds, C:xX+)2=9, x>0t (0:-3)dén (0:3)
C

1, xeQ

Vi du 2. Xét ID(x,y)ds, C:0<x<1,y=0, D(x,y):{
2 0, xel

3. Sw ton tai.

Dinh li 1. f(x, y) lién tuc trén dwdng cong tron C thi tén tai jf(x, y)ds
c

e Y nghia co’ hoc
f(x, y) > 0 1a mat do khdi lwong clia dwéng cong vat chat C thi cé khéi lwong cua
dwdng cong la m = If(x, y)ds

C

5. Tinh chat. Co6 tinh chéat gidng nhw tich phan xac dinh trir ra tinh chét sau

I f(x,y)ds= I f(x,y)ds
AB BA
6. Cach tinh. Ta can tinh jf(x, y)ds
C
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b

f(x,y)ds = J.f(x, y ())y1+ y"? (x)dx

a

a)C:y=y(x),a<x<b, khiddtaco

O —

2

Vi du 1. Tinh /:j“_yds, c;y:X7
X

C

Vi du 2. Tinh jxyds, C:|x+ly|=a a>0.
C

ndi diém A(1 ; %) voi B2 : 2).

B
b) C: x = x(f), y = y(1), a < t < B, thi co j f(x,y)ds = j F(x(1); y (D) X2(0) +y2(t)at
C

a

Vi du 1. Tinh jxyds,C:x2+y2=R2,xzo,yzo
C

Vi du 2. Tinh j(x—y)ds, C: X%+ =ax.
C
c)x=x(t),y=y(t), z= z(t), a < t< B, thi cd

B
J.f(x, y,z)ds = Jf(x(t), y (1), z(t))\/x'z(t)+y'2(t) + 22 (t)dt
C a

Vi du 1. Tinh j(x+y)ds,x:t,y:\Etz,z:t?’,ogm
C
ds
x2+y?+z

x=acost, y=asint,z=bt, t>0.

Vi du 2. Tinh j -,
C

§2. Tich phan dwong loai hai
1. Dat van dé
2. Pinh nghia. Cho ham vecto F(M)=P(M)i +Q(M)j xac dinh trén duong
cong C nbi hai diém A, B, C = AB, vecto T(M) = cosa(M)i +sina(M)] 1a vecto
tiép tuyén véi C tai M, a(M) = (T, Ox), khi d6 tich phan dwéng loai mét cia ham

f(x,y)=FT =P(M)cosa(M)+Q(M)sina(M) trén dwong C

= [FTds = [[P(M)cosa(M)+Q(M)sina (M)]ds
c c
cung dwoc goi la tich phan dwong loai hai ctia ham F (M) hay cta cac ham P(M),
Q(M) lay trén C di tir A dén B. Ta cling ¢c6
| = J P(x,y)dx+Q(x,y)dy
AB
Twong tw, ta cung co tich phan dué’ng33loai hai cia ham
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FIM)=P(M)i +QM)j +R(M)k, M e R® la

| = JP(X, y,z)dx+Q(x,y,z)dy +R(x,y,z)dz = I(PCOSa +Qcos B+ Rcosy)ds
C C
a, B, v 1an lwot 1a cac goc gitra tiép tuyén T véi cac truc Ox, Oy, Oz

Vi du 1. Tinh jxdx+exy2dy, C:y=1,x:0-2
c

Vi du 2. Xét Isinxzdx+dy, C:x=2,y:0->1
c

3. Sw ton tai
Dinh li 1. Cac ham P(x, y), Q(x, y) lién tuc trén dwdng cong tron tirng khuc C thi
ton tai JP(X, y)dx +Q(x, y)dy

C

4. Y nghia co hoc : Tinh céng cua lwc di chuyén chat diém doc theo dwdng cong C.
5. Tinh chat : C6 cac tinh chét gibng nhw tich phan xac dinh, chang han :

_[ Pdx +Qdy :—I Pdx + Qdy

AB BA

6. Cach tinh.
a)Néu C:y=y(x),x:a— bthico

b
J.de+Qdy = J(P(x,y(x))+Q(x, y(x))y'(x))dx
C a
Vi du 1. Tinh Ixydx+(y—x)dy,

C

a)C:y=x,x:0-1
b)C:y=0,x:0—->1
c)x=1,y:0->1

dx +dy

, ABCDA 1a chu tuyén hinh vudng vé&i cac dinh
X1+

Vi du 2. Tinh j
ABCDA

A(1:0), B0 : 1), C(~1; 0), D(0, —1).

b) C: x=x(t), y=y(t), t: a > B, cO

B
Ide+Qdy - I[P(x(t), y () x' () +Q(x (1), y (1) y' () ot
C a
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Vi du 1. Tinh (jﬂxdx+(x+y)dy, C:x=Rcost,y=Rsint, t: 0> 2n
C

Vi du 2. Tinh J (x+y)dx—(x—y)dy’ C la x¥* + y? = a° theo chiéu nguwoc chiéu
¢ (¥+y?)

kim déng hd.

Chu y. Twong ty cling cé cong thirc khi C : x = x(f), y = y(t), z(t), t : oo > S

7. Céng thirc Green

binh li 1. Cac ham P(x, y), Q(x, y) lién tuc cung v&i cac dao ham riéng cap mot

trén mien D compact, gi¢i han béi dwd'ng cong kin, tron tirng khac C, thi cé

<j§de+de=”(Q'x—Py')dxdy
C D
Vidy 1. Tinh p(1-x?)ydx+(1+y?)xdy, C: 2 + P = R
C

Vi du 2. Tinh (_'5(xy+x+y)dx+(xy+x—y)dy, C: X+ y* = ax.
C

8. Diéu kién dé tich phan khéng phu thuéc vao dwong lay tich phan

Pinh li 1. (BL ménh (j’é twong dwong). Cac ham P(x, y), Q(x, y) lién tuc cung voi
cac dao ham riéng cap mét trong mién D don lién thi bon ménh dé sau la twong
dwong

oP 0Q

19/ 92 9% y(x y)eD
oy ox (xy)e

20 chde +Qdx =0,V L kin thudc D.
L

3°/ J Pdx + Qdy chi phu thudc vao A, B ma khéng phu thuéc vao dwdng nbi A, B.
AB
4°/ 3U(x, y):du = Pdx + Qdy

Chay : IdU:U‘i:U(B)—U(A)
AB
(2:3)

Vidu 1. J xdy + ydx
(-1:2)
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(1:1)
Vi du 2. Tinh I (4x3y3 — 3y2 + 5)dx + (3x4y2 —6xy —4)dy
(0;0)

——[(x+ 2y2)dx — 2xydy] ,

Vi du 3. Tinh j .
J(x+y?)

FdoL: y=1-x3,ditw A(1,0) dén B(0,1).

Chu y. Twong tw c6 thé mé rong dinh |i nay cho dwdng cong trong khéng gian:
x=x(t), y=y(t), z=z(t), t: o > B.

HAVE A GOOD UNDERSTANDING!
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GIAI TICH 2

BAI 10

B. TICH PHAN MAT
§1. Tich phan mat loai 1

1. Dat van dé

2. Binh nghia.

e Cho ham sb f (M) xac dinh trén mat S nao do c R3

e Chia méat S thanh n phan b4t ki khéng ddm 1én nhau, goi tén va dién tich cla
chungla AS;, i=1n.

n
o LAy didmtuy y M;(x;;y;;2)eAS;, lap tdng I, = Zf(M,)AS, .
n=1

e Néu Iim I, =1 sao cho d — 0, V cach chia S va cach chon M; thi ta goi / la tich
n—oo

phan mat loai moét cla ham sé (M) trén mat S va ki hiéu
/= [[f(M)ds hoge I = [[(x,y.2)ds
S S

2 2

Vi du 1. Tinh HZdS,S:x2+yT+%:1,zzO
S

Chu y. j j dS chinh la dién tich ctia mét S.
S

2. Tinh chat. C6 cac tinh chét gibng nhw tich phan dwéong loai mot
3. Sw ton tai

Dinh li 1. Cho ham f(x, y, z) lién tuc trén mét tron hay tron trng phan S
=3 ”f(x, y,z)dS
S

4. Cach tinh. z = z(x, y) xac dinh trén D — R2, khi d6 ¢6

”f(x, y,2)dS = ”f(x, ¥, 2(x, ¥))4/1 + 22 +z;,2dxdy
S D

Vi du 1. Tinh ”«/x2+y2d8, Slamatbancau X’ + 2+ Z=R z>0.
S

Vi du 2. Tinh .”(xy+yz+zx)d8, S: z=1x?+y? bicitbdimattryx’ +y*=ax,a>0.
S
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§2. Tich phan mat loai hai
1. Dat van dé
2. binh nghia.
a) Binh nghia. Cho mat S gi¢i han b&i mét dwong tron tng khic C. LAy My € S

va dwng phap tuyén N cla S tai My, néu xuét phat tir My di theo mot dwong cong
kin bat ki L trén S khéng cat dwdng bién C tré lai vi tri My ma hwéng cia phap
tuyén tai My khdng thay dbi thi mat S goi la mat hai phia. Trwéng hop nguoc lai thi
S duoc goi la mat mét phia.

Mat S duwoc goi la dinh hwéng tirng phan néu né lién tuc va dwoc chia thanh moét
sb hiru han phan dinh huéng béi cac duwerng tron tirng khac.

Cho mat dinh hwéng S gidi han béi dwong cong C. Ta goi hwédng dwong trén C
(rng v&i phia da chon cta S xac dinh theo quy téc ban tay phai.

b) Binh nghia tich phan mat loai hai.

e Cho ham vecto F =P(M)i + Q(M)j + R(M)k xac dinh trén mat hai phia S
e Chon mét phia ctia S &ng v&i phap tuyén
N(M) =i cosa(M)+jcosB(M)+kcosy(M)
e Ta goi tich phan mat loai moét cia ham F.N =icosa +f'cos,B + l?cos;/ trén mat S:
| = ”ﬁ.ﬁlds = ”(PCOSa +Qcos B+ Rcosy)dS
S S

la tich phan mat loai hai ctia ham F (M) (hay cta cac ham P, Q, R) lay trén phia
da chon ciia mat S.

Vi du 1. Tinh ”(PCOSa +QcosB+Rcosy)dS,S:x%+y?=12z=2, huwéng lén
trén, trong do >
p-z7 Q- N sinx?, R = (x2 +y2)z
Chua y. Goi hinh chiéu cia AS; Ién cac mat phang Oyz, Ozx, Oxy lan lwot la
2S4S A4S khi d6 c6
cosa (M;)AS; = AS?, cos 3(M;) AS; = A8, cosy(M;)AS; = A8,

Do d6 ta cuing ki hiu tich phan mét loai hai 1a / = j j Pdydz + Qdzdx + R dxdy
S

3. Tinh chat. C6 cac tinh chét twong tw nhw tich phan dwdng loai hai

4. Dinh li tén tai. Cho cac ham P, Q, R lién tuc trén mat dinh hwdng tirng phan S
thi tich phan mat loai hai cia cac ham dé lay theo mét phia cua S |a ton tai.

5. Cach tinh.
o Taco ”dedz+ Qdzdx + R dxdy = ”dedz+ ”dedx 4 ”Rdxdy
S S S S
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e Ta tinh mot tich phan trong vé phai, chang han I, :I R dxdy
S

Cho S: z=f(x, y) xac dinh trén D.
Tich phan lay theo phia trén clia mat S 1a I, = j j R(x, y,z(x,y))dxdy
D

Tich phan l4y theo phia dwéi clia mat S la | = —”R(x, ¥, 2(x, y))dxdy
D

Vidu1. ”zdxdy, S Ia phia ngoai mat ciu X2 + )2 + 2 =1
S

2 2 2

Vidu 2. ” x3dydz, S Ia phia trén cta nira trén ctia mat Ellipsoid x_2+y_2+z_2 =1,
a- b ¢
S
z>0.
§3. Céng thirc Stokes
1. Dat van dé

2. Céng thirc Stokes

Pinh li 1. Cac hém P, Q, R cung cac dao ham riéng cép mot lién tuc trén mat dinh
hwdng tieng phan S, gidi han béi dwong tron tirng khac C, thi ta cé cdng thire

(ﬁ(Pcos a'+Qcos B+ Rcosy')ds
C

- ”[(R}, - Q;)cosa +(P, - R} )cos  +(Q, —P}j)cos;/]ds
S

= [[(R, - @ )dydz+ (P, ~ Ry ) dzdix + (Qx ~ P, ) dxdy
S

& d6 : t=(cosa',cosp,cosy’) la vectour tiép tuyén véi C, con
N = (cosa,cos 8,cosy) la vectour phap tuyén vai S.
Chu y. 1°/ Trong mat phang thi céng thirc Stokes trd thanh cong thirc Green da biét.

2°/ Céng thirc Stokes con viét dwdi dang sau

dydz dzdx dxdy
0 0 0
Cﬁde+Qdy+Rdz:” — — —
4 3 oX oy 0z
P Q R
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COSa COSf cosy

0 0 0

Pcosa'+Qcos 8+ Rcosy')ds = — — —

Cj.)( ¢ p ;/) ” oX oy 0z
C S

P Q R

Vi du 1. Tinh CJSydx+zdy+xdz, C: X +y* + 7 =a° x +y+ z = 0, lay hudng
C

nguwoc chiéu kim ddéng hé néu nhin thir phia dwong cia Ox.

Vi du 2. C.|S(y—z)dx+(z—x)dy+(x—y)dz,
C

&do C:x2+y?= az,§+% =1(a>0,h>0) hwdng ngwgc chiéu kim dong hd néu
nhin tr phia dwong cua truc Ox.

2. Pinh li b6n ménh dé twong dwong.

T cong thirc Stokes c6 thé chirng minh dwoc dinh |i bén ménh dé twong dwong
cho tich phan dwdng trong khon gian.

binh 1i 1. Cac ham P(x, y, z), Q(x, y, z), R(x, y, z) lién tuc cung v&i cac dao ham
riéng cap moét trén mién V don lién thi bon ménh dé sau la twong duwong

1) aR:aQ, aP:aR’ oQ _oP

oy 0z 0z OX Ox oy

2) <J'>de +Qdy +Rdz =0, ¥ dwdng cong kin L V.
L

3) J Pdx + Qdy + Rdz khéng phu thuéc vao dudng ndi cac diém A, B € V ma chi

AB
phu thuéc vao diem dau A va diém cudi B.

4)3 U(x, y, 2): du = Pdx + Qdy + Rdz

Vidu 1. CJSyzdx+zxdy+ xy dz, & d6 C la dwdng cong kin bt ki
C

3. Y nghia vat li.

a) Lwu sé (hoan Iwu) ca trwéng vecto F = Pi +Qj + Rk doc theo chu tuyén kin C
la

T= j F.rds = <_[>de +Qdy +Rdz
C C
b) Vecto’ xoay
Dinh nghia. Vecto xody (rotF (M)) tai M trong trwdng vecto F = Pi + Q + Rk 1a
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rotF (M) = oR_Q 7+(8P aR)7+ °Q_oP g
oy o0z

0z OX

ox oy

Vi du 1. Tim vecto xody cla dién truong E = %
P

Vecto xo0dy cé cac tinh chét sau:

e Tuyén tinh

e rot(uc) =gradu A, ¢ la hang sb
o rot(uIE) = urotF + gradu A F

c) Céng thurc Stokes dwéi dang vecto. (JSIEF ds = H rot FNdS
C S

Do d6 co: lwu sb cla truong vecto F theo mot duwdong cong kin C bng théng
lwong cua vecto rotF qua mat S gi¢i han béi dwdng cong C.

§ 4. Cong thirc Ostrogradsky
e Dt van dé
1. Cong thirc
Dinh li 1. (Céng thirc Ostrogradsky). Cac ham P(x, y, 2), Q(x, y, 2), R(x, y, z) lién

tuc cling véi cac dao ham riéng cap mét trong mién compact V R3 gi¢i han béi
mat cong kin tron tirng phan S, thi ta cé cong thuc

” Pdydz + Qdzdx + Rdxdy :”'J'(éP Q + aRjd v,
S v

+
ox oy o0z
trong do tich phan mat 14y theo phia ngoai cta S.

Vi du 1. ”xdydz+ ydzdx + zdxdy, S 1a phia ngoai mat cau X% + y* + 22 = a°.
s

Vidu 2. j j x3dydz + y3dzdx + z3dxdy, & d6 S 1a phia ngoai mat cau x° + y* + 22 = &°.
S

2. Y nghia Vat Ii.

a) Dive cua trwong vecto

e Dinh nghia. Cho trwvdong vo6 huédng u, vecto gradient cua trwdng vé huwdng u la
ou» ou- ouryp

gradu=—i +—j +—Kk, 7, f Kk la cac vecto don vi trén cac truc
oX oy 0z
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e Tinh chat.

+) Tuyén tinh
+) grad(uy, ) = usgradu, + u,graduy .
+) gradf (u) = f'(u)gradu.

Vi du (Bai toan con mudi). Con mudi dau trong truong nhiét do T. H6i con muoi
can bay theo huwdng nao dé dwoc mat nhanh nhat.

b) Céng thirc Ostrogradsky dwéi dang vecto’ J‘J-IE/VI dS = J‘”‘divlzdv, o do

S
divﬁ:ap+aQ+aR,
ox oy o0z
& do N 1a vectour phap tuyén phia ngoai ciia mat S kin.
c) Diém nguodn, diém ro, trwvdng vecto cé thong lwong bao toan
e Cho divF lién tuctai M € Vva divF(M)>0. Goi V’1a mién gi®¢i han b&i mat kin

S’trong lan cén du nho cta M. Tl cdng thirc & muc b) = thdng lwvong qua mat S’
tir trong ra ngoai la s6 dwong, hay théng lwong vao mat S’ it hon théng lvong ra
khéi méat dé. Khi d6 diém M dwoc goi la diém ngudn cla trudng.

Nguwoc lai néu divF (M) <0 thi M dwoc goi la diém ro cha truong.

e Néu divF(M)=0,vYM e trwdng thi treong khdng cé cac diém ngudn va diém ro.
Khi d6 ta bao F la trwong 6ng.

e Néu rotIE(M) =0,VYM e tredng thi F dwoc goi la trwdng bao toan.

e F dwoc goi 1a trwong didu hoa < F vira la trvong 6ng, vira la trvdng thé.

Vi du 1. Tinh théng lwong cua trwdng F = x7+y7+zE qua mat xung quanh va
mét toan phan cta hinh tru x> + y* <a?, 0 < x < h.

—

Vi du 2. Tinh thong Iwong cla dién trwong E = qr T =xi +yj +zk (Dinh luat
Yj

Gauss)
3. Toan ttr Haminton

a) Pinh nghia. V = 8%+7%+E8%
b) Tinh chét

o Vu=gradu
o VF =divF
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i j ok
eVAE=|0 O O
ox oy oz
P Q R

e V2= A, & do A latoan tlr Laplace A =

—

=rotF

e div(gradu) =V(Vu) = Au

e rot(gradu) =0
e div(rotF) =0

thao.nguyenxuan@mail.hust.edu.vn

0?8

ox?

+

oy?  oz°

Thank you and Good bye!

43



	bia1.pdf (p.1)
	bai 1 - GT2 - BK2012.pdf (p.2-8)
	bai 2 - GT2 - BK2012.pdf (p.9-10)
	bai 3 - GT2 - BK2012.pdf (p.11-13)
	bai 4 - GT2 - BK2012.pdf (p.14-16)
	bai 5 - GT2 - BK2012.pdf (p.17-21)
	bai 6 - GT2 - BK2012.pdf (p.22-25)
	bai 7 - GT2 - BK2012.pdf (p.26-28)
	bai 8 - GT2 - BK2012.pdf (p.29-32)
	bai 9 - GT2 - BK2012.pdf (p.33-37)
	bai 10 - GT2 - BK2012.pdf (p.38-44)

